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Molecular Dynamics (MD) simulation is carried out to examine the effect of particle confinement on the
pressure of 3D Yukawa gas. Confinement effects are taken into account by using perfectly reflecting boundary
condition in MD simulations. An equation of state relating pressure to number density is obtained. The
results of the MD simulations show that in weak coupling regime pressure of confined Yukawa gas is much
bigger than the kinetic pressure and scales quadratically with number density. Results are compared with
earlier theories and experiments which show quadratic scaling of dust pressure with density.
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I. INTRODUCTION
Complex/Dusty plasma is a system of micron sized
solid/dust grains embedded in the background plasma of
electrons and ions. The typical size of these dust grains
ranges from nanometers to micrometers and mass ranges
from 1010 − 1012 times the mass of proton. Naturally
dust is found almost everywhere in space such as inter-
stellar clouds, interplanetary space, planetary rings and
solar system1. Dusty plasma can also be formed in lab-
oratories for example in DC and RF discharges. In lab-
oratory, dust grains acquire a net negative charge due
to higher mobility of electron than that of ions2. For a
typical micron sized dust grain, the charge is of the order
of 103 − 105 times the electronic charge. The Coulom-
bic interaction between dust-dust grain gets screened in
presence of the background electron-ion plasma and the
interaction becomes Yukawa (i.e. screened Coulomb) po-
tential. Yukawa potential has the following form,
φ(r) =
Qd
4pi0
exp(−r/λD)
r
where Qd is dust charge, r is the distance between two
dust particles and λD is the screening length. Screen-
ing length depends on density and temperature of the
background plasma as 1/λ2D =
(
e2ne0
0kBTe
+ q
2ni0
0Ti
)
where
ne(ni) is electron (ion) density, e(q) is electron (ion)
charge Te(Ti) is electron (ion) temperature. In exper-
imental conditions dust-neutral collisions, ion-drag etc.
also affect the dust dynamics. However, the dominant
interaction among particles in dusty plasmas remains
the Yukawa potential. The high charge, high mass and
very low temperature makes the dust dynamics very slow
hence many interesting phenomena can be seen easily by
simple optical instruments (sometime with naked eyes
a)shuklamanish786@gmail.com
also). If the electrostatic potential energy of dust-dust
interaction exceeds by its thermal energy, the system can
undergo a phase change from gaseous to a more ordered
liquid and solid state.
The thermodynamical equilibrium state of a Yukawa
system may be characterized by two dimensionless
parameters3: κ = a/λD ; the ratio of the mean inter-
particle distance a = (3/4pind)
1/3
(here nd is the dust
number density) to the screening length λD and Γ =
Q2d/4pi0aTd ; the inverse of dust temperature Td mea-
sured in units of Q2d/4pi0a. The coupling parameter
Γ∗ = Γ exp(−κ) which is the ratio of the mean inter-
particle potential energy to the mean kinetic energy, is
used as a measure of coupling strength in dusty plasmas.
For Γ∗  1 the correlation effects are almost negligi-
ble and Yukawa system behaves like an ideal gas. For
Γ∗ ∼ 1, system behaves like an interacting Yukawa fluid
and Γ∗  1 corresponds to a condensed solid state where
particles arrange themselves in a regular lattice form.
Thus by tuning the parameters Γ and κ, a variety of
states of Yukawa system can be realized.
Dusty plasma supports a variety of collective modes
most of which are mediated through dust pressure. Un-
like the case of normal electron-ion plasma where the
pressure follows the ideal gas relation P = nT where
n is the number density and T is the temperature, the
dust pressure is expected to be complex due to presence
of strong correlation effects. A number of authors have
studied the equation of state of 2D and 3D Yukawa parti-
cles both analytically4–11 and using MD simulations12–16.
Most of these simulations have been carried out using pe-
riodic boundary conditions. Earlier, Farouki and Ham-
aguchi carried out the 3D MD simulation for Yukawa
particles and showed that while in the weakly coupled
phase the dust pressure is ndTd, in the fluid phase it be-
comes strongly negative12. The equation of state of two
dimensional monolayer has also been studied recently e.g.
Djouder et al. have investigated the ideal gas behavior of
2D Yukawa crystal near zero temperature and obtained a
relation between pressure and density by fitting the MD
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simulation results into a power function13. Feng et al.
have established an expression for 2D Yukawa fluids tak-
ing MD data from a wide range of parameters varying
from melting point to the liquid state14,15. Kryuchkov et
al. have studied the thermodynamics of 2D Yukawa sys-
tems across coupling regimes; from weakly coupled non
ideal gas to strongly coupled fluid and crystalline phase
and established a relation between excess energy and ex-
cess pressure16.
In dusty plasma experiments, the dust is usually con-
fined in a cloud within the background plasma by ex-
ternal fields. In this situation there are large mean
electric fields present within the dust cloud which con-
tributes appreciably to dust pressure even in the weak
coupling regime. This has been confirmed in dusty
plasma experiments where dust pressure was measured
in weakly coupled dust cloud suspended in within the
plasma discharge17. Recently a model which takes into
account the confinement of the dust within the plasma
has been proposed9,10. In this model, the dust electro-
static pressure PE , which is the dust pressure due to
electrostatic fields present in the cloud, is calculated and
shown to scale as PE ∝ n2d in the weak coupling regime.
For typical parameters of the experiments this contribu-
tion is found to be much bigger than the dust thermal
pressure ndTd consistent with experimental results
17–20.
These results indicate the contributions of electrostatic
fields present in dusty clouds, even in weak coupling
regime is significant and should be taken into account
while calculating the dust pressure. Obviously these im-
portant contributions which essentially arise due to dust
confinements can not be captured in simulations carried
out with periodic boundary conditions. In the model of
Hamaguchi and Farouki, the dust and plasma both oc-
cupy the same volume3,12. The MD simulation of this
model with periodic boundary condition then simulates
an infinite dispersion of dust in which the mean ES field
is absent and dust is essentially unconfined. In these
simulations thus the contribution to dust pressure from
mean ES fields can not be exemplified. It should be noted
that quadratic scaling of dust pressure has been observed
earlier in other simulations21,22 and experiments23. We
defer further discussion on this issue to the last section.
In this paper we carry out an MD simulation of dusty
plasma to critically examine the role of confinement ef-
fects on dust pressure. Specifically we obtain an isother-
mal equation of state (keeping dust temperature con-
stant) of 3D Yukawa gas in the rare density weak coupling
regime. Based on Avinash’s model we propose following
isothermal equation of state for 3D Yukawa gas in rare
density weak coupling regime10. The total dust pressure
Pd at constant dust temperature Td is given by
Pd = ndTd +
(
q2dT
2q2n
)
n2d , Td = constant (1)
where nd and n are the dust and plasma density, and
T is the background plasma temperature. It should be
noted that isothermal is with respect to dust tempera-
ture only. The plasma heat bath always maintains the
plasma at constant temperature T . The total dust pres-
sure is sum of kinetic pressure PK of the dust which scales
linearly with density and electrostatic pressure PE which
has quadratic scaling with density. In order to take into
account confinement effects we consider perfectly reflect-
ing boundary condition in our MD simulations. The con-
finement effects may also be accounted for by considering
a confining potential13,22,24 however we have chosen to
use reflecting boundary conditions which are simpler to
implement. The results of the MD simulations show that
in weak coupling regime the electrostatic pressure scales
as n2d and is significantly bigger than the dust thermal
pressure.
II. SIMULATION DETAILS
A. Equations and Units
The potential energy for Nd number of grains embed-
ded in electron ion plasma is
U =
Q2d
4pi0
Nd∑
i=1
Nd∑
j,j 6=i
e−rij/λD
rij
(2)
where rij = |~ri − ~rj |. The corresponding force on ith
particle due to all other particle is given by
~Fi = m
d2~ri
dt2
=
Q2d
4pi0
Nd∑
j,j 6=i
(
1 +
rij
λD
)
e−rij/λD
r3ij
~rij (3)
where we have assumed that all grains have equal charge
Qd and mass m.
All the lengths have been measured in units of back-
ground Debye length λD and time is measured in units of
ω−10 (defined later). Therefore, r → r˜λD and t → t˜ω−10 ,
where r˜ and t˜ are dimensionless length and time respec-
tively. Hence Eq.3 becomes,
d2 ~˜ir
dt˜2
=
Q2d
4pi0mω20λ
3
D
Nd∑
j,j 6=i
(1 + r˜ij)
e−r˜ij
r˜3ij
~˜rij
Let us define ω0 as ω0 =
(
Q2d
4pi0mλ3D
)1/2
. This ω0 is used
for time normalization and integration time steps. The
normalized equation of motion for ith particle in normal-
ized units becomes,
d2~˜ri
dt˜2
=
Nd∑
j,j 6=i
(1 + r˜ij)
e−r˜ij
r˜3ij
~˜rij (4)
Eq.4 is integrated using Leapfrog integrator scheme.
All the energies and temperature (kBT ) is measured
in units of Q2d/4pi0λD i.e. E˜ = E/(
Q2d
4pi0λD
) and T˜d =
kBTd/(
Q2d
4pi0λD
). The dimensionless kinetic per particles
2
can be written as E˜K = (1/2Nd)
∑Nd
i=1 v˜
2
i and poten-
tial energy as E˜pot = (1/Nd)
∑Nd
i
∑Nd
i<j e
−r˜ij/r˜ij . Tem-
perature is given by mean kinetic energy per particle
which, in dimensionless units in 3D, turns out to be
T˜d = (1/3Nd)
∑Nd
i=1
(
v˜2xi + v˜
2
yi + v˜
2
zi
)
. Normalized pres-
sure is defined as as, P˜d = Pd/(
Q2d
4pi0λ4D
) while number
density is given as, n˜d = ndλ
3
D. Thus, in new units κ
and Γ becomes,
κ =
(
3
4pin˜d
)1/3
, Γ =
1
κ T˜d
(5)
where we have used the relation 4pia3nd/3 = 1 to obtain
κ.
B. Pressure calculation
We have adopted the usual mechanical approach of
pressure evaluation which involves ensemble average of
the instantaneous or microscopic pressure. For a system
of N particles in a volume V , the microscopic pressure
can be defined as
P = 1
V
(
1
3
N∑
i
mi~vi · ~vi + 1
3
N∑
i
~ri · ~fi
)
(6)
The macroscopic pressure P is obtained by taking either
a time or an ensemble average i.e. P = 〈P〉. In case of
pairwise potential, this pressure can be written in Virial
form as
P = nkBT +
1
3V
N∑
i=1
N∑
j=1,6=i
~rij · ~fij (7)
where n = N/V is number density, ~rij is the intermolec-
ular vector between a molecular pair and ~fij is the corre-
sponding intermolecular force. The first term in Eq.7 is
the ideal gas contribution whereas the second term gives
the contribution coming from the interactions.
C. Method
To obtain the equation of state we have varied dust
density while keeping the dust temperature constant.
Thus, instead of choosing Γ and κ as free parameters, we
have taken n˜d and T˜d as input parameters. The number
of particles taken is 4000 (i.e Nd = 4000). We have cho-
sen cubical box with perfectly reflecting boundary condi-
tions. The potential is calculated without any truncation.
As the boundary conditions are reflecting, Ewald sum
technique is not necessary and has not been used. All
the measurements are taken in micro canonical ensem-
ble. To set a desired temperature, we apply Berendsen
thermostat for 1000 ω−10 and then we let the system go
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FIG. 1. Temporal evolution of (a) total energy (i.e sum of
kinetic and potential energy) and (b) temperature for nd =
6.0 × 10−3 and Td = 0.20. During canonical run the system
is coupled with Berendsen heat bath while in micro-canonical
run system is kept isolated.
through micro-canonical run for another 1000ω−10 . Den-
sity is changed according to relation n˜d = Nd/L˜
3 i.e. by
varying the length of cubical box and keeping Nd fixed.
The equation of motion given in Eq. 4 is integrated tak-
ing time step of size 0.01ω−10 . As shown in Fig.1, this
step size is appropriate for conservation of total energy
(i.e. sum of kinetic and potential energy).
III. RESULTS
Following Eq. 1 we fit our results for pressure to the
following expression,
P˜d = α n˜d + β n˜
γ
d (8)
where α, β and γ are constants which are determined by
fitting the data. It is to be noted that the best fit (with
errors less than 1%) is obtained by fitting the data into
pieces. For determination of α, we fit first 10 data points
where n˜d varies from 10
−4 to 10−3. After getting α, we
put it back in Eq. 8 to get β and γ. After several trials
we find the error in γ is minimum if we take β = 4.0.
Therefore from here onwards β is fixed at 4.0.
A. Results for Nd = 4000
To examine the dependence of dust pressure on num-
ber density, we have chosen four pseudo isotherms corre-
sponding to T˜d = 0.20, T˜d = 0.10, T˜d = 0.05, T˜d = 0.01
respectively. For each dust temperature, dust density is
varied from 0.0001 to 0.01. In this regime κ varies from
13.365 to 2.879 according to relation given in Eq. 5.
Thus, this range of n˜d is appropriate for examining the
low density Yukawa fluid.
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FIG. 2. Pressure is plotted versus number density for dif-
ferent dust temperature. Number of particles chosen is 4000.
Unit of pressure is P (4pi0λ
4
D/Q
2
d) and unit of density is ndλ
3
D.
Fig. (a), (b) and (c) correspond to isotherms with constant
temperature T˜d = 0.20, T˜d = 0.10 and T˜d = 0.05 respectively.
Inset shows ideal gas like behavior at very low densities. For a
given temperature, dust density is varied from 0.0001 to 0.01.
In this regime κ changes from 13.365 to 2.879 as dust density
goes from n˜d = 1.0× 10−4 to 1.0× 10−2.
1. Results for T˜d = 0.20
The fitted results for T˜d = 0.2 is shown in Fig.2(a).
The inset in Fig.2(a) represents the separate fitting of
dust pressure at very low density (in the ideal gas regime)
which comes out to be linear in n˜d and slope of the linear
part is approximately equal to the dust temperature. The
fitted parameters are as follows; α = 0.203151 and γ =
1.99746. The equation of state comes out to be
P˜d = 0.20000 n˜d + 4.0 n˜
1.99746
d
The values of Γ∗ vary from 5.870× 10−7 (corresponding
to n˜d = 1.0 × 10−4) to 9.753 × 10−2 (corresponding to
n˜d = 1.0× 10−2).
2. Results for T˜d = 0.10
Fig.2(b) shows the results for T˜d = 0.1. The fitted
parameters come out to be α = 0.1027 and γ = 2.030
and the equation of state becomes;
P˜d = 0.1000 n˜d + 4.0 n˜
2.030
d
Here, for T˜d = 0.1, Γ
∗ changes from 1.174 × 10−6 to
1.950× 10−1 (corresponding to n˜d = 1.0× 10−4 to 1.0×
10−2).
3. Results for T˜d = 0.05
The fitted parameters come out to be α = 0.05216 and
γ = 2.0675. The plot is shown in Fig. 2(c) The equation
of state fits in the form;
P˜d = 0.050 n˜d + 4.0 n˜
2.0675
d
As dust density varies from n˜d = 1.0×10−4 to 1.0×10−2,
Γ∗ changes from 2.348× 10−6 to 0.390.
B. Results for Nd = 6000
To verify that our results are relatively insensitive to
number of particles considered in the simulation we have
varied the number of particles. Taking Nd = 6000 we
have taken runs for Td = 0.05 to check the scaling of
dust pressure with dust density. The range of κ and Γ
is same as for Nd = 4000. The fitted parameters come
out to be α = 0.050 and γ = 2.0632 and the equation of
state for this isotherm is;
P˜d = 0.050 n˜d + 4.0 n˜
2.0632
d
As shown in Fig. 3 the scaling for pressure for Nd = 6000
follows same scaling as for Nd = 4000.
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FIG. 3. Pressure versus number density is shown for
Nd = 6000. The isotherm is plotted taking Td = 0.05. Com-
paring the equating of state with that forNd = 4000 (fig.2(c)),
it is clear that results are almost independent to number of
particles chosen.
C. Equation of state
Following the equation of states for different Td, we
can conclude that for each isotherm fitting parameter α
comes out to be closely equal to T˜d. For the runs where
Γ∗  1.0, the exponent γ is close to 2.0 as shown in
the case of Td = 0.2, 0.1 and 0.05. Therefore, we can
conclude that a weakly coupled Yukawa gas follows the
equation of state given as
P˜d = n˜dT˜d + 4.0 n˜
2
d (9)
The first term of the equation of state corresponds
to the usual kinetic pressure whereas second term cor-
responds to ES pressure. It can be seen from the results
that ES pressure can be much bigger than the dust ki-
netic pressure which is consistent with some experiments.
Therefore ES pressure is a dominant contribution to the
total pressure of dust.
IV. DISCUSSION OF RESULTS
The dust equation of state, in the weak coupling
limit, can be analytically obtained from the model of
Avinash10. In this model which takes into account the
confinement effects, the dust is confined in volume Vd
within plasma of volume V (V < Vd). Further, the
canonical ensemble formulation is used where dust is
in contact with heat bath at temperature Td. The
Helmholtz free energy of this system is given by10
F =
∑
α
TαNα
(
lnnαΛ
3
α−1
)
+
Q2d
8pi0
Nd∑
i
Nd∑
j=1,6=i
exp(−κD|ri − rj |)
|ri − rj |
(10)
where we still have to take the weak coupling limit
in the second term. In this equation, where α = elec-
tron, ion and dust, Λ3α =
(
h2/2pimαkBTα
)
, κD = 1/λD,
nd = Nd/Vd while ne = Ne/V, ni = Ni/V . The weak
coupling limit can be taken in the second term by re-
placing summation with smooth integration10 over dust
volume Vd as
∑Nd
i
∑Nd
j () = ndNd
∫
() dτ to give
Q2d
8pi0
Nd∑
i
Nd∑
j=1,6=i
exp(−κD|ri − rj |)
|ri − rj |
=
Q2d
8pi0
ndNd
∫
Vd
exp(−κD r)
r
dτ
=
Q2d
8pi0
ndNd
κ2D
∫
V¯d
exp(−r¯)
r¯
dτ¯
= X
Q2dndNd
0κ2D
where we have changed the integrand in a dimensionless
quantity. Here X
(
= 18pi
∫
V¯d
exp(−r¯)
r¯ dτ¯
)
is a dimension-
less number to be fixed by MD simulation.
F =
∑
α
TαNα
(
lnnαΛ
3
α − 1
)
+X
Q2dndNd
0κ2D
(11)
The dust pressure is given by Pd = − (∂F/∂Vd)T .
Pd = ndTd +X
Q2d n
2
d λ
2
D
0
(12)
Putting this equation in MD units
P˜d = n˜dT˜d + 4piX n˜
2
d (13)
Comparison with MD result (Eq. 14) fixes X to 1/pi.
V. SUMMARY AND CONCLUSION
To summarize, we have obtained an isothermal equa-
tion of state for three dimensional dilute Yukawa gas. We
have found by rigorous MD simulations that the pressure
for such system not only contains the linear kinetic pres-
sure term but also contains a non linear pressure term
proportional to square of the number density. These MD
results are consistent with theory and experiments. We
now return to a discussion on periodic boundary condi-
tion commonly used in MD simulations vis-a`-vis perfectly
reflecting boundary conditions used in our MD simula-
tions. Let V be the volume occupied by the background
plasma and Vd be the volume occupied by the dust. In
the model of Hamaguchi and Farouki12, the plasma and
the dust occupy the same volume i.e. V = Vd. An MD
simulation of this model with Yukawa particles and pe-
riodic boundary conditions implies an infinite dispersion
of dust which hence is essentially unconfined. In this dis-
persion the mean electric field is zero and dust pressure is
5
just ndTd. To see this we consider the Helmholtz free F
of Farouki Hamaguchi model3 in the weak coupling limit,
including the background plasma contribution given by;
F =
∑
α
TαNα
(
lnnαΛ
3
α − 1
)
+
Q2d
8pi0
Nd∑
i
Nd∑
j=1,6=i
exp(−κD|ri − rj |)
|ri − rj |
− Q
2
d ndNd
20 κD
+ PBC (14)
nα = Nα/V and PBC stands for the term due to pe-
riodic boundary conditions (Ewald term). As discussed
in the previous section, the second term can be approx-
imated as
∑Nd
i
∑Nd
j = ndNd
∫
dτ in the weak coupling
limit which then cancels with the third term and F con-
tains only ideal gas contribution in which case Pd = ndTd.
This result as pointed earlier is not consistent with exper-
imental results. Quadratic scaling of dust pressure with
density has been experimentally observed. In an experi-
ment on shock formation in a flowing 2D dusty plasma,
Saitou et al have shown23 that the condition of shock
formation is satisfied by equation of state Pd ∝ nγd where
γ ' 2.2.
It should also be noted that there is evidence that
even though the scaling Pd ∝ n2d has been derived with
the assumption of weak coupling, it may be very ro-
bust; it is found to be valid deep in the strongly cou-
pled regime. For example, in simulations of Charan et
al. dusty plasma is confined by external gravity21. The
result of this simulation show Pd ∝ n2d scaling in the
bottom region where dust particles are compressed and
strongly coupled. In simulation of Djouder et al. dust
monolayer is confined using parabolic potential and equa-
tion of state is established near zero dust temperature13.
Their equation of state also suggests Pd ∝ n2∼2.165d for
a wide range of density near dust crystal. The possibil-
ity that ES pressure follows the relation Pd ∝ n2d even
in the strong couping regime will be addressed in future
communication.
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